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Introduction. One of the fundamental problems in Finsler geometry is to describe
the Finsler metrics of positive constant ﬂag curvature. In this case, Shen [13]
asserts that the Finsler manifold must be a diﬀeomorphic sphere, provided that it
is simply connected. Bryant [5] has constructed a family of non-reversible Finsler
metrics of positive constant ﬂag curvature on spheres which are projectively ﬂat.
Bejancu and Farran [4] have proved that a Finsler manifold is of positive constant
ﬂag curvature one if and only if the unit horizontal Reeb vector ﬁeld is a Killing
vector ﬁeld on the unit tangent bundle. However, the geometric structure of such
metric still remains mysterious (see [8, 9]).
Kim and Yim [10] showed that if reversible Finsler metrics with positive con-
stant ﬂag curvature have vanishing mean tangent curvature, then it is Riemannian.
Likewise, it has been recently remarked by Bryant [6] that the fundamental and
deeper result of LeBrun and Mason, in [11], implies a reversible Finsler metric
on the two-dimensional sphere with positive constant ﬂag curvature is Riemann-
ian. Our main theorem below improves the previous result into manifolds with
dimension greater than two.
Theorem. Any reversible Finsler metric with positive constant ﬂag curvature must
be Riemannian.
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Bao and Shen [3] also constructed a family of Randers metrics with positive
constant ﬂag curvature which are not Riemannian. These Finsler metrics are non-
reversible, and hence they do not contradict the main theorem.
The ﬁrst author is indebted to professors Robert Bryant, Patrick Foulon and
Zhongmin Shen for many valuable discussions and comments in the preparation
of this paper while visiting Centre International de Rencontres Mathe´matiques
in November of 2005. The second author executed this research as a part of the
research project “Level-set Methods on Triangulated Surfaces and Their Applica-
tions” (2007.9 ∼ 2010.8) funded by KOSEF.
1. Preliminaries. In this section, we shall recall some well-known facts about
Finsler geometry. See [2], for more details. Let M be an n-dimensional smooth
manifold and TM denote its tangent bundle. A Finsler structure on a manifold M
is a map F : TM → [0,∞) which has the following properties
(a) F is smooth on T˜M := TM \ {0};
(b) F (ty) = tF (y), for all t > 0, y ∈ TxM ;







is positive deﬁnite for all (x, y) ∈ T˜M .
A manifold M endowed with a Finsler structure will be called a Finsler manifold.
Note that we never require smoothness at the zero section. Requiring that F (x, ·) is
smooth on all of TxM implies that F (x, ·) is a Hilbert norm (see [14]). If condition
(b) holds for all t we will say that the Finsler structure F is reversible. A Minkowski
space is a ﬁnite dimensional real vector space that has a Finsler metric independent
of x, F (x, y) = F (y). Let Fx denote the restriction of F onto TxM . When F is
Riemannian, (TxM,Fx) are all isometric to the Euclidean space Rn. For a general
Finsler metric F , however, the Minkowski space (TxM,Fx) may not be isometric
to each other.
The Minkowski metric Fx induces a Riemannian metric gˆx on TxM \ {0} by
gˆx(u, v) := g(x, y)(u, v), u, v ∈ TyTxM = TxM.
Let {yi}ni=1 be a global coordinate system in TxM associated with a basis {bi}ni=1.















where gij(x, y) = g(x, y)(bi, bj). For x ∈ M , let SxM := {y ∈ TxM : F (x, y) = 1}
denote the unit tangent sphere at x, and DxM := {y ∈ TxM : F (x, y) ≤ 1} the
unit tangent disk at x. Let g˙x denote the induced Riemannian metric on SxM.
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Denote by volgˆx(DxM) and volg˙x(SxM) the Riemannian volume of (DxM, gˆx)
















 dt = 1n volg˙x(SxM).
Lemma 1.1. Let (M,F ) be an n-dimensional reversible Finsler manifold. Then for
all x ∈ M,
volgˆx(DxM) ≤ β(n), volg˙x(SxM) ≤ α(n − 1),
where β(n) is the volume of the unit n-ball Bn in Euclidean space Rn and α(n−1)
is that of the unit (n − 1)-sphere Sn−1 in Rn, and equality holds if and only if
(TxM,Fx) is Euclidean.
If F is not a reversible Finsler metric, then the volume volg˙x(SxM) may be
greater than α(n − 1) (see [3]).
Proof. Recall that given a convex set DxM in a vector space TxM, the dual set
D∗xM in the dual tangent space T
∗
xM is deﬁned by
D∗xM := {ξ ∈ T ∗xM : ξ(y) ≤ 1 for all y ∈ DxM}.
By Blaschke-Santalo´’s inequality [12] which requires the symmetry of DxM and
D∗xM, we have vol(DxM) · vol(D∗xM) ≤ β(n)2, and equality holds if and only if
DxM is an ellipsoid.



















1 dξ = vol(D∗xM).
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= {vol(D∗xM) · vol(DxM)}1/2
≤ β(n),
and equality holds if and only if det(gij(x, y)) is constant for y and DxM is an
ellipsoid. 
The idea of the proof is borrowed from [7], where Duran established a sharp
upper bound on the volume of the Sasaki metric on the unit tangent sphere bundle.
Here we are only concerned with the volume of the induced Riemannian metric on
the unit tangent sphere.
The Chern connection on a Finsler manifold M is deﬁned by the unique set of


























dω ij − ω kj ∧ ω ik
)
.








k ∧ ωl + P ij klωk ∧ ωn+l
)
.
Deﬁne the curvature tensor R by










iEi and W =
∑n
i=1 w
iEi are vectors in the
pull-back bundle π∗TM of TM by π : T˜M → M. For a ﬁxed v ∈ TxM, let γv
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in Tγv(t)M. Deﬁne the ﬂag curvature R
γ˙v(t) (u(t)) : Tγv(t)M → Tγv(t)M by









, V (t) =
(
γˆv(t); γv(t)
) ∈ π∗TM. The ﬂag curvature is
independent of connections, that is, this term appears in the second variation
formula of arc length, thus is of particular interest to us. We remark that if F is
Riemannian, then the ﬂag curvature coincides with the sectional curvature.
Deﬁne a map ψx : (0,∞) × SxM → M by ψx(t, v) = γv(t). The following
proposition proved by Shen [13, Theorem 0.1] will play a crucial role in this paper.
Proposition 1.2. Let (M,F ) be a simply connected reversible Finsler manifold with
constant ﬂag curvature one. Then for every x ∈ M , there is a unique point x∗ ∈ M
with dist(x, x∗) = π, and every geodesic issuing from x is closed with length 2π,
passing through x∗. The map ψx restricted to (0, π)×SxM is a diﬀeomorphism to






= dt2 ⊕ sin2 t g˙x.
Remark 1.3. In this case, the osculating Riemannian metric gγ˙v(t) on M \{x, x∗} is
independent of the direction v ∈ SxM and dependent of the induced Riemannian























dt dg˙x = sinn−1 t dt dg˙x,
and does not dependent of the direction v.
By using Lemma 1.1 and Proposition 1.2, we obtain the following lemma.
Lemma 1.4. For M and gγ˙v(t) deﬁned above, we have that the volume volgγ˙v(t)(M)
of M with respect to the osculating Riemannian metric gγ˙v(t) on M \ {x, x∗} less
than equality to α(n) and equality holds if and only if (TxM,Fx) is Euclidean.
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≤ α(n − 1) ·
π∫
0
sinn−1 t dt = α(n).
We note that the last line is obtained from Lemma 1.1 and equality holds if and
only if (TxM,Fx) is Euclidean. 
2. Symplectic volumes. In this section we prove our main theorem.
Let { ∂∂xi }ni=1 be a local basis for TM and {dxi}ni=1 be its dual basis for T ∗M .
By the Chern connection, we obtain the decomposition
T ∗(T˜M) = span{dxi} ⊕ span{δyi},
where δyi is the vertical component dyi and is given by





for some N ji determined by the Chern connection. Then there is a naturally









gij(x, y) dxi ⊗ dxj ⊕ gij(x, y) δyi ⊗ δyj
)
,
and the volume form dV of h on T˜M is given by

























dy1 ∧ · · · ∧ dyn











dω ∧ · · · ∧ dω︸ ︷︷ ︸
n-times
on T˜M.
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There is another interpretation of this volume on tangent space. Let SM be the
unit tangent bundle on M and i : SM → T˜M the natural embedding. Let Xω be
the Reeb ﬁeld of the Hilbert 1-form ω. It is uniquely determined by the conditions
ω(Xω) = 1, iXω (dω) = 0. In particular we have LXωω = 0 and the geodesic ﬂow
of Finsler metric, i.e., the ﬂow with inﬁnitesimal generator Xω, consists of contact
diﬀeomorphisms and the volume form i∗(dV ) on SM is
dV =
1
(n − 1)! ω ∧ dω ∧ · · · ∧ dω︸ ︷︷ ︸
(n-1)-times
= dg˙x ∧ dgy.
Since LXωω = 0, the volume form is invariants under the geodesic ﬂow of Finsler
metric. We shall use the same notation dV for the volume forms of TM and SM,
if no confusion is caused.
By using Remark 1.3 and Lemma 1.4, we obtain the following theorem.
Theorem 2.1. Let (M,F ) be an n-dimensional simply connected reversible Finsler
manifold with constant ﬂag curvature one. Then we have
V (SM) ≤ α(n − 1) · α(n),
and equality holds if and only if (M,F ) is a Riemannian manifold.
Proof. By Proposition 1.2, for all x ∈ M, the map ψx : (0, π)×SxM → M \{x, x∗},
ψx(t, v) → γv(t) is a diﬀeomorphism and we have that






























≤ α(n − 1) · α(n).
We note that the third line is obtained from Remark 1.3 and the last line is
obtained from Lemmas 1.1 and 1.4 and equality holds if and only if (M,F ) is a
Riemannian manifold. 
The notion of symplectic structure came up in Weinstein’s work on the Blaschke
conjecture in [15]. He proved that for an n-dimensional Riemannian manifold M all
of whose geodesics are closed and of the same length 2π, the ratio vol(M)/
(
(2π)n ·
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α(n)
)
is an integer. The symplectic structure of Weinstein’s proof implies that
they can be extended to Finsler manifolds with little modiﬁcation. Since the
Riemannian relation the volume V (SM) of SM with respect to the volume form
dV, V (SM) = α(n − 1) · vol(M) breaks down in the Finsler case, we rewrite
Weinstein’s result as follows.
Theorem 2.2. Let (M,F ) be an n-dimensional Finsler manifold all of whose





Proof. Since the orbits of the geodesic spray are all periodic with 2π, the geodesic
ﬂow on the SM deﬁnes a ﬁxed point free S1 = R/Z-action, whose orbits are
identiﬁed with closed geodesics of length 2π. Therefore, the orbit space SM/S1
may be considered as a 2(n−1)-dimensional manifold CM of all closed geodesics of
M. Let p : SM → CM be the canonical projection which sends a given unit vector
to the geodesic which has this vector as initial condition. Hence the projection
p : SM → CM is a principle bundle with structure group S1, and A´lvarez Paiva
[1] proved that if dw is the standard symplectic form on TM, then there is a unique






































Then j(M) is a topological invariant of the ﬁbration p : SM → CM. We adapt
Weinstein’s argument (see [15]) to see that the integer j(M) is an even integer
2 · i(M). However we know ∫








(n − 1)!2 · i(M).
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Since 2 · (2π)n/(n − 1)! = α(n − 1) · α(n) = V (SSn), we obtain the equality as
stated in the theorem. 
Under the assumption of Theorem 2.2, if M is homeomorphic to the sphere,
Weinstein [15] and Yang [16] showed that the topological invariant i(M) is equal
to one.
Now we are ready to prove main theorem using Theorems 2.1 and 2.2.
Theorem 2.3. If (M,F ) is an n-dimensional reversible Finsler manifold with con-
stant ﬂag curvature one, then F is a Riemannian metric.
Proof. We ﬁrst recall that if the universal covering M of M is an n-dimensional
reversible Finsler manifold with constant ﬂag curvature one, by Proposition 1.2
we know that every geodesic is closed with same length 2π and M is a diﬀeomor-
phic to the n-dimensional standard sphere. Thus by Theorem 2.2 and the above
remark, the symplectic volume of M, V (SM) is equal to α(n− 1) ·α(n). Hence by
Theorem 2.1, F is a Riemannian metric. 
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